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Abstract
The Kuramoto model constitutes a paradigmatic model for the dissipative collective dynamics of
coupled oscillators, characterizing in particular the emergence of synchrony. Here we present a clas-
sical Hamiltonian (and thus conservative) system with 2N state variables that in its action-angle
representation exactly yields Kuramoto dynamics on N -dimensional invariant manifolds. We show
that the synchronization transition on a Kuramoto manifold emerges where the transverse Hamil-
tonian action dynamics becomes unstable. The uncovered Kuramoto dynamics in Hamiltonian
systems thus distinctly links dissipative to conservative dynamics.
PACS numbers: 05.45.Xt
1
Spontaneous synchronization constitutes one of the most prevalent order forming pro-
cesses in Nature [1]. In 1975, Kuramoto introduced a now standard model of weakly coupled
limit cycle oscillators to analyze synchronization processes [2]. The model characterizes the
collective dynamics of a variety of dynamical systems ranging from chemical reactions [3]
and neural networks [4] to coupled Josephson junctions [5], laser arrays [6] and optomechan-
ical systems [7]. In the Kuramoto model, N phase oscillators are coupled via their phase
differences. The rate of change of each phase φj is given by
dφj
dt
= ωj +
K
N
N∑
ℓ=1
sin(φℓ − φj), (1)
where ωj is the intrinsic frequency of the jth oscillator, j ∈ {1, . . . , N}, and K denotes the
coupling strength. Often, the frequencies are randomly drawn from a distribution g(ω) with
finite width. If K exceeds a certain threshold Kc, this system exhibits a phase transition
from an incoherent to a synchronous, phase-ordered asymptotic state in the thermodynamic
limit N →∞.
Despite its broad importance, many features of the Kuramoto model remain unknown.
In particular, several of its relaxation and stability properties and the collective dynamics
for finitely many coupled oscillators seem unusual for a dissipative system and are still not
fully understood [9–11, 11–13].
In this Letter, we introduce a class of (classical) Hamiltonian systems that exhibit a family
of invariant tori on which the dynamics is identical to that of the Kuramoto model (1). After
demonstrating mathematical equivalence of these dynamics, we numerically and analytically
study the full volume-preserving Hamiltonian dynamics, focusing on the synchronization
transition and its consequences. Intriguingly, the onset of synchronization implies the onset
of transverse instability of the invariant tori. We derive an analytic expression quantifying
the (phase) order parameter in terms of the local action instability. Beyond local dynamics,
the deviation from the tori measured by the inverse participation ratio of the Hamiltonian
system provides a distinguished indicator for the synchronization transition. It even scales
more favorably with system size than the standard synchronization order parameter. Study-
ing the proposed Hamiltonian systems may thus help to better understand the collective
dynamics of the Kuramoto model, in particular for finite N .
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FIG. 1: Emergence of chaos in the full Hamiltonian dynamics? Panels display two-dimensional
Poincare´ section of the phase space for N = 3, where the six-dimensional phase space reduces to
effectively 2N − 3 = 3 dimensions [20]. Different colors are used to guide the eye. The oscillator
frequencies are (ω1, ω2, ω3) = (−2,−1, 3). (a) K = 1 < Kc1, (b) Kc1 < K = 2.25 < Kc2, (c)
K = 5 > Kc2.
Consider the Hamiltonian function
H′(q1, p1, . . . , qN , pN) =
N∑
ℓ=1
ωℓ
2
(q2ℓ + p
2
ℓ) (2)
+
K0
4N
N∑
ℓ,m=1
(qℓpm − qmpℓ)(q
2
m + p
2
m − q
2
ℓ − p
2
ℓ)
defined on the N -particle phase space R2N . The canonical transformation
Iℓ =
(
q2ℓ + p
2
ℓ
)
/2 and φℓ = arctan (qℓ/pℓ) (3)
for ℓ ∈ {1, . . . , N} simplifies the representation of the Hamiltonian in terms of action-
angle variables Iℓ and φℓ for uncoupled (K0 = 0) harmonic oscillators (with single-particle
Hamiltonian H′ℓ(qℓ, pℓ) = ωℓ (q
2
ℓ + p
2
ℓ) /2). This transformation is invertible if and only if all
Iℓ > 0, in particular if all H
′
ℓ > 0. In the new action-angle variables (I,φ) ∈ R
N
+ × S
N , the
Hamiltonian reads
H(I1, φ1, . . . , IN , φN) =
N∑
ℓ=1
ωℓIℓ (4)
−
K0
N
N∑
ℓ,m=1
√
ImIℓ(Im − Iℓ) sin(φm − φℓ)
3
and the equations of motion are given by
I˙j = −
∂H
∂φj
(5)
= −
2K0
N
N∑
m=1
√
ImIj(Im − Ij) cos(φm − φj),
φ˙j =
∂H
∂Ij
= ωj +
K0
N
N∑
m=1
[
2
√
IjIm sin(φm − φj) (6)
+
√
Im/Ij(Im − Ij) sin(φm − φj)
]
.
One important property of these equations of motion is that they leave specific manifolds
invariant. Any state with all actions homogeneous, Ij ≡ I > 0 for all j, yields dIj/dt = 0
and thus leaves all actions unchanged. Thus the family of toric manifolds
TNI =
{
(I,φ) ∈ RN+ × S
N | ∀j ∈ {1, . . . , N} : Ij = I
}
(7)
are invariant under the flow generated by (5) and (6) for each given I. On one given torus,
i.e. for one value of I, the dynamics of the phases
φ˙j = ωj +
2IK0
N
N∑
ℓ=1
sin(φℓ − φj), (8)
equals that of the original Kuramoto model (1) with a coupling constant K = 2IK0. We
conclude that the Hamiltonian function (2) generates the Kuramoto model on the invariant
tori TI . This holds for all coupling strengths and arbitrary frequency distributions.
The Hamiltonian dynamical system defined by (5), (6) has two constants of motion, the
Hamiltonian function H itself and (twice) the total action
C2 =
∑N
j=1
(p2j + q
2
j ) = 2
∑N
j=1
Ij. (9)
The dynamics (5) is equivariant under a simultaneous scaling transformation (pj , qj) →
(Cqj , Cpj) for all j and K → K/C
2 for every C > 0, so we fix the normalization as
C2 = N such that K = K0 without loss of generality and I = 1/2 defines the Kuramoto
manifold TN
1/2. Furthermore, the dynamics is equivariant with respect to a global phase shift,
because it depends only on the phase differences. The two constants of motion and the
shift-equivariance make the state space of the full Hamiltonian system effectively (2N − 3)-
dimensional, while the invariant subspace TN
1/2 is an (N − 1)-dimensional torus. In the
following we drop the subscript 1/2 for convenience.
4
What does the Hamiltonian dynamics tell us about the Kuramoto dynamics on the in-
variant manifold TN? For the simplest system of N = 2 units [14] there are two elliptic fixed
points off the Kuramoto manifold below a critical coupling K < Kc = |ω1 − ω2|; when K
becomes larger than Kc, two additional elliptic fixed points emerge off and two hyperbolic
(’saddle’) points on TN via a Hamiltonian saddle node bifurcation. One of the hyperbolic
fixed points implies phase locking as it is stable within TN and unstable transverse to it.
Systems with N ≥ 3 show a much richer dynamics and suggest the emergence of chaos
(cf. Fig. 1). Consider for instance three units with frequencies (ω1, ω2, ω3) = (−2,−1, 3).
Whereas for small coupling, K < Kc1 ≈ 1.5, the Poincare section [20] indicates exclusively
regular Hamiltonian dynamics (Fig. 1a), irregular dynamics (Fig. 1c) prevails for sufficiently
large coupling, K > Kc2 ≈ 4.6, with mixed state space (Fig. 1b) for intermediate K.
Simultaneous to the transitions in the full Hamiltonian system, synchronization appears
on the Kuramoto manifold TN as K increases. The oscillators 1 and 2 are unlocked for
weak coupling and phase lock for K > Kc1, while the phase of the third oscillator remains
incoherent. For K > Kc2, global phase locking sets in. For all K ∈ [0,∞), the dynamics is
non-chaotic within the Kuramoto manifold (compare also to [15–17]).
Phase-locking is indeed closely linked to the instability of the Hamiltonian action dy-
namics: For small coupling, where the Kuramoto dynamics is not phase-locked, the actions
exhibit stable dynamics (cf. Fig. 2 (a) and (c)) and “action locking” I1 ≈ I2 ≈ I3 ≈ 1/2.
In contrast, if the coupling is sufficiently strong such that oscillators lock their phases,
the actions “unlock” and chaos manifests itself in intermittent bursts of the actions Ij(t)
(cf. Fig. 2 (b), (d)). For intermediate coupling strengths, regular regions still exist around
φ2− φ1 ≈ 3π/2 (indicated by the trajectories colored in blue and green in Fig. 1 (b)) which
confine the chaotic region around the torus TN and lead to episodes of seemingly regular
dynamics between the bursts.
Bursts in the Ij dynamics close to the Kuramoto torus indicate phase locking on the
Kuramoto manifold also for general N (not shown). As the full Hamiltonian flow conserves
the phase space volume and the dynamics on TN is contracting around the phase locked
state, it must be expanding in directions transverse to TN . These expansions are observed
as bursts of the Ij.
To quantitatively understand the relation between action bursting and synchronization
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FIG. 2: Action bursts indicate onset of synchrony. Panels show the dynamics of three coupled
oscillators in the regime of (a,c) no phase locking and (b,d) partial phase locking. Solid lines show
the dynamics of (a,b) the phases and (c,d) the actions Ij(t). The initial state is drawn randomly
by perturbing the actions Ij(0) off the manifold Ij ≡ 1/2 by a random amount of the order of
10−4; it is thus close to but not on TN . Dashed lines show the dynamics of the phases φj(t) on
the submanifold TN , i.e. Kuramoto dynamics. Parameters are (ω1, ω2, ω3) = (−2,−1, 3) and (a,c)
K = 1 and (b,d) K = 2.25, respectively.
of the phases, we analytically derive the approximate dynamics of perturbations
ǫj(t) = Ij(t)− I0
off the torus TN , where I0 = 1/2 via action normalization. Expanding the equations of
motion (5) to first order in ǫj (around ǫj ≡ 0) yields the dynamics
ǫ˙j =
∑
ℓ
Aj,ℓ(t)ǫℓ , (10)
where Aj,ℓ(t) :=
K
N
(δj,ℓ [
∑
m cos(φj − φm)]− cos(φj − φℓ)) . This expression directly links
the action instability to the phase locking dynamics of the original Kuramoto model: For
small perturbations ǫj , we approximate the dynamics of the phases φj(t) by the associated
dynamics φTj (t) on the Kuramoto manifold T
N . Assuming that the phase dynamics is fast,
we further approximate Aj,ℓ(t) by its time-average
Aj,ℓ :=
K
N
δj,ℓ
[∑
m
cos(φTj − φ
T
m)
]
−
K
N
cos(φTj − φ
T
ℓ ) (11)
The structure of the matrix Aj,ℓ becomes particularly simple if N becomes large. The
off-diagonal elements decay as 1/N such that the matrix tends to be diagonal. Carrying out
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FIG. 3: Transverse instability of actions predicts order parameter. (a) Average phase velocity
dφj/dt of N = 100 oscillators in the regime of partial phase locking at K = 2.2. (b) Perturbations
|ǫj(t)| grow off the Kuramoto manifold, shown after t = 10, starting from ǫj(0) = ±10
−6 with ran-
dom signs. Exact numerical results for the Hamiltonian dynamics () are displayed in comparison
to the diagonal approximation (10,12), (⋄). Actions grow substantially more for those oscillators
that are phase-locked (grey area). (c) The prediction of the order parameter from the Hamiltonian
action dynamics (15) () well agrees with the actual order parameter r (13) directly measured
from the Kuramoto phases. (N = 250; data averaged over 100 realizations of the ωj; vertical lines
indicate standard deviation of (15)) [21].
the sum in the diagonal terms yields
Aj,ℓ = δj,ℓK r cos(φTj − ψ) +O
(
1
N
)
, (12)
with order parameter
reiψ =
1
N
N∑
m=1
eiφ
T
m (13)
as in [9, 10].
In general, if the phase of an oscillator j is not locked to the overall phase ψ, the cosine
tends to average out (with time) such that Aj,j ≈ 0. On the contrary, Aj,j > 0 if the
oscillator j is locked. Therefore we find that the perturbation ǫj(t) grow exponentially if
and only if the corresponding phases are locked, at least for N ≫ 1.
The numerical example shown in Fig. 3 (a,b) illustrates this reasoning: Perturbations
are particularly large, where the associated Kuramoto oscillators are phase-locked (shaded
regions). In particular, the fastest rate of divergence of the actions from the invariant
manifold is expected for those oscillators that (i) are locked and (ii) are closest to the overall
phase ψ (center of locking region) such that the cosine term is maximal.
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FIG. 4: (Color online) Participation ratio of Hamiltonian dynamics reveals synchronization phase
transition. (a) Order parameter r (◦, left scale) and participation ratio P2 (, right scale) as a
function of coupling strength K for N = 250 oscillators. Mean-field theory predicts the onset of
phase order in the Kuramoto model at Kc = 2 (dashed vertical line). Inset (b): width of the
transition region δK, where r increases by 50 % from its critical value at Kc, i.e. r(Kc + δK) =
1.5 r(Kc) as a function of the number of oscillators N . Inset (c): Finite size scaling of r and P2
for a subcritical coupling strength K = 1.8. Initial actions are Ij = 1/2 (◦) and Ij = 1/2 + ǫj
(), where the ǫj are drawn from a Gaussian distribution with standard deviation 10
−4. All data
points are averages over 100 realizations each [21].
The largest eigenvalue λ1 of the matrix (Aj,ℓ)j,ℓ dominates the rate of divergence of the
actions for randomly chosen initial conditions close to the Kuramoto manifold. In the
diagonal approximation (12) for N ≫ 1 and assuming independence (on average) of r and
cos(φTj − ψ) we obtain
r ≈
1
K
max
j
Ajj (14)
because φTj − ψ ≈ 0 for the j yielding the maximum and thus cos(φ
T
j − ψ) ≈ 1. This
expression explicitly maps the stability properties of the actions to the locking properties
of the phases. Thus the growth of the action perturbations in the full Hamiltonian system
predicts the synchronization order parameter via
r ≈
1
Kt
max
j
log[ǫj(t)/ǫj(0)]. (15)
Direct observation of the order parameter from the Kuramoto phases shows excellent agree-
ment (cf. Fig. 3c) with this prediction.
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How can the instability be quantified beyond the linear approximation (10)? Again, we
compare the dynamics on the Kuramoto manifold TN (with initial actions Ij(0) = 1/2) with
trajectories started in its immediate proximity (initial actions Ij(0) = 1/2+ǫj), and measure
how much these dynamics deviate from each other by evaluating the variance of (2Ij). For
this quantity, the inverse participation ratio, we find
P2 := 〈(2Ij)
2〉j − 〈2Ij〉
2
j =
1
N
∑
j
(p2j + q
2
j )
2 − 1 (16)
due to action normalization. By construction, P2 = 0 on the torus T
N . P2 > 0 indicates
that the trajectory leaves the torus TN and starts to burst. It is known that systems of
Kuramoto oscillators exhibit a phase transition from an incoherent to a synchronized state
at some Kc in the thermodynamic limit N → ∞ [9]. For finite N , however, the transition
is strongly blurred and the order parameter r increases smoothly with K (see also Fig. 4).
Strikingly, the same transition in the full Hamiltonian system is substantially clearer as
indicated by a sharp increase of the participation ratio P2 > 0 from originally small values
close to zero (Fig. 4). In fact, P2 indicates the transition more precisely than the Kuramoto
order parameter, both with respect to the finite-size scaling below the transition and the
jump occurring at the transition point Kc (see the insets Fig. 4b,c).
In summary, we have analytically and numerically demonstrated that a family of Hamil-
tonian systems bears the celebrated Kuramoto model of coupled oscillators as dynamics on
its invariant (toric) manifolds TNI . Interestingly, the emergence of synchrony is equivalent to
the emergence of a transverse instability off such a torus. Therefore, the divergence of the
actions due to a transverse instability in the Hamiltonian system quantifies the synchroniza-
tion order parameter of the exact Kuramoto dynamics on TNI . Moreover, for finite systems
the participation ratio provides a distinguished indicator for the onset of transverse insta-
bility in the full Hamiltonian system and, consequently, the onset of synchronization of the
Kuramoto phase dynamics. Taken together, these results establish an exact relation between
dissipative Kuramoto systems and volume-preserving Hamiltonian systems and may thereby
further our understanding of the intriguing properties of networks of phase oscillators.
[1] A. Pikovsky, M. Rosenblum, and J. Kurths, Synchronization: A Universal Concept in Non-
linear Sciences (Cambridge University Press, Cambridge, England, 2003).
9
[2] Y. Kuramoto, In: H. Arakai (Ed.), International Symposium on Mathematical Problems in
Theoretical Physics, Lecture Notes in Physics, Vol. 39, Springer, New York (1975).
[3] Y. Kuramoto, Chemical Oscillations, Waves, and Turbulence, Springer, Berlin (1984).
[4] H. Sompolinsky, D. Golomb, and D. Kleinfeld, Proc. Natl. Acad. Sci. U.S.A. 87, 7200 (1990).
[5] K. Wiesenfeld, P. Colet, S. H. Strogatz, Phys. Rev. Lett. 76, 404 (1996).
[6] A. G. Vladimirov, G. Kozireff, and P. Mandel, Europhys. Lett. 61, 613 (2003).
[7] G. Heinrich, M. Ludwig, J. Qian, B. Kubala, and F. Marquardt, Phys. Rev. Lett. 107, 043603
(2011).
[8] P. Smereka, Physica D 124, 104 (1998).
[9] S. H. Strogatz, Physica D 143, 1 (2000).
[10] J. A. Acebron, L. L. Bonilla, C. J. Perez Vicente, F. Ritort, and R. Spigler, Rev. Mod. Phys.
77, 137 (2005).
[11] Yu. Maistrenko, O. Popovych, O. Burylko, and P. A. Tass, Phys. Rev. Lett. 93, 084102 (2004).
[12] H. Kori and A. S. Mikhailov, Phys. Rev. Lett. 93, 254101 (2004).
[13] C. Grabow, S. Hill, S. Grosskinsky, and M. Timme, Europhys. Lett. 90, 48002 (2010).
[14] D. Witthaut and M. Timme, in prep.
[15] S. Watanabe and S. H. Strogatz, Phys. Rev. Lett. 70, 2391 (1993).
[16] E. Ott and T. M. Antonsen, Chaos 18, 037113 (2008).
[17] C. Bick et al., Phys. Rev. Lett. 107, 244101 (2011).
[18] H. Hong, H. Chate´, H. Park, and L.-H. Tang, Phys. Rev. Lett. 99, 184101 (2007).
[19] C. J. Perez-Vicente, and F. Ritort, J. Phys. A 30, 8095 (1997).
[20] I2 is plotted vs. φ2 − φ1 whenever the phase φ3 − φ1 crosses zero with φ˙3 − φ˙1 > 0. I1 and I3
are then fixed due to the conservation of total action C2 and the total energy H.
[21] In the simulations, we record r, P2, Aj,ℓ and dφj/dt averaged over a time interval ∆t2 = 10,
after an initial transient period of length ∆t1 = 10. The initial φj are randomly drawn from
the uniform distribution on [0, 2π), but the same for perturbed and unperturbed actions. In
Fig. 3 (b), we use phases φTj after the transient as initial values. In Fig. 3 (c), we integrate
the Hamiltonian dynamics up to a time t for which maxj |ǫj(t)| ≥ 10
−4. The frequencies ωj
are drawn from a Cauchy distribution with density g(ω) = (a/π)/(ω2 + a2) and width a = 1.
10
